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ABSTRACT
This report describes the results of an investigation to derive
mathematical methods for calculating the frequency spectrum at several
points of interest in the Co mend and Communications System, and of
implementing these methods on a digital computer so that the various
spectra could be obtained. Methods are presented for the calculation
of the baseband spectrum of the biphase modulated command data signal,
the baseband spectrum of the range code, the spectrum produced by the
frequency modulated command data subcarrier generator, and the spectra
of the phase modulated S-band carrier for various modulating signals.
The S-band spectra were obtained for input signals to the phase mod-
ulator which consisted of (1) the frequency modulated output of the
co=nand data c,ubcarrier generator when modulated with the baseband
command data signal (2) the range code signal, and (3) the range
code signal and the unmodulated command data subcarrier. Results
of all of the spectral calculations were compared with measured values
obtained in the laboratory and good agreement was obtained. Computer
programs written in ILGOL for the Burroughs B 5500 computer are in-
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This report presents the results of a portion of the technical
program on Contract NAS8-2oo54. The objective of the overall program
iz to investigate techniques for improving Saturn V RF tracking and
ranging systcmts. The particular task covered by this report was that
of calculating the frequency spectra for various portions of the Command
and Communications System. The purpose of this report is to present
the methods used to calculate these spectra, results of the calculations,,
and comparisons of the calculated values with measurements actually
made on the system in the laboratory.
Methods are presented for calculation of the frequency spectra of
(1} the baseband signal at the output of the command modulator for an
alternating bit pattern and an arbitrary sub-bit pattern, (2) tae base-
band spectra of the range code, (3) the output of the frequency modulated
command sugcarrier generator, and (4) the output of the up-link signal
generator at S-band.
The S-band spectra has been obtained for modulating signals into'
the phase modulator consisting of (1) the command data subearrier with
the baseband modulation applied (2) the range code, and (3) the range
code and the unmodulated command data subcarrier.
The methods derived mathematically for the calculation of thef	
various spectra have been programmed on a Burroughs B 5500 computer
a-nd the results of these computations are given. The computer programs
used and sample calculations are presented in the appendices.
F
The results presented provide the details of the spectra at the
outputs of the various systems in the Command and Communications System.
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H. SYSTEM DESCRIPTION
The generation of the output signal of the CCS up-link trans-
mitter is rather complex and involves a number of steps. The essen-
tial elements of the signal generating equipment are shown in the
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Figure 1.	 CGS up-link transmitter.
- The output of a 1 kHz oscillator is passed through a frequency doubler
to obtain a 2 kHz sine wave. 	 This 2 kHz wave is then shifted 2 radians
_ in phase and passes through a biphase modulator which shifts the phase
either +	 or - 2 rad ians depending on a digital data stream arriving at
1000 bits per second.
	
The output of the biphase modulator is then sum-
med with the original 1 kHz wave of equal amplitude, the phases of the
two waves being such that they pass through zero crossings at the same
• time.	 The output of the summing network is frequency modulated onto
a 70 kHz subcarrier with the modulation level adjusted to give 5 kHz peak
frequency deviation.	 The output of the FM subcarrier generator is phase
3
f_
modulated onto the S-band carrier. The modulation level is adjusted
to give a maximum phase deviation of f 1.22 radians.
The digital data stream which determines the phase shift introduced
in the biphase modulator is actually composed of two parts. Command
data is fed to the system at the rate of 200 bits per second, but
each "bit" of data is injected into the biphase modulator as 5 "sub-bits".
The particular 5 sub-bits chosen to represent a "one" data bit con-
stitutes a code which is chosen prior to launch and is fixed for the
flight. Once the sub-bit configuration is chosen to represent the "one"
data bit, the complement of that set is the sub-bit code for the zero
data bit. The sub-bit codes can be varied from one flight to the next.
Thus the maximum "bit rate" at which command data is transmitted is 200
bits see, and the maximum sub-bit rate at which the biphase modulator
switches is 1004 bits/sec.l
In addition to the command data entering the S-band phase modulator,
there is present at times (but not always) a pseudo noise stream of rec-
tangular pulses. These pulses, the range data code, are generated from
a basic frequency of 498 kHz, so that the basic pulse interval is approx-
imately 1 microsecond. The modulation level for this pulse string is
adjusted to give a maximum phase deviation of the S-band carrier of f 0.6
radians.
The operation of the command data channel is equivalently represented
by the diagram shown in Figure 2, and this diagram will be used in the
mathematical derivation. Figure 2 differs from Figure 1 only in that the
phase shift of the 2 kHz wave of 2 radians followed by a biphase shift
of f 2 radians, is replaced by a biphase shift of + R or 0 radians.
The output is then equivalent to the original, but this form is some-
w'hat more convenient mathematically.
Figure 3 shows the time waveform of the signals e l, e2, and e3
shown in Figure 2 when the sub-bit pattern is alternating.
In addition to analyzing the spectrum out of the S-band transmitter,
the spectra at other points have been developed.. In particular, the
spectrum of the signal out of the biphase modulator (e 2(t) in Figure 2)
and the spectrum out of the FM oscillator (e,,(t)) have been calculated.
Each of these spectra are discussed in the following sections in addi-
























































































. .	 IC -




A. Spectra of Angle Modulated Signals
Since the circuits of the CGS transmitter use both frequency and
phase modulation, some general considerations on deriving the spectra
of such signals will be discussed first. Information can be modulated
on a sinusoidal wave of the form
E(t) = A cos (coot + cp)
	
(1)
by varying either the amplitude factor A or the phase cp. If the latter
is used then the wave is said to be angle modulated. Two particular
forms of angle modulation are frequency modulation and phase modulation.
These two differ only in the way in which cp is related to the modulating
function. If we let *(t) designate the modulating signal, and if
cp(t ) = kl *(t )	 s
Then the wave is phase modulated and the output signal is
EpM(t)=A cos [wot+kl *(t)j •





then the wave is frequency modulated and the output is
t






JSince Equations (3) and (5) differ only in the particular time func-
tion that represent tp, both types are adequately represented by Equation
(1) provided cp is recognized as a function of time, i.e.,
E(t) = A cos [wot + sp(t)]	 (^)
Equation (b) may be written in exponential form as
A Jwo Jcp(t )	 - Jwot -jq (t )
E(t) = 2[e	 e	 + e	 e	 ]	 (7)
The problem to be investigated is that of finding the spectral
distribution of E(t), which is given by the Fourier transform of E(t),
thus
E(w) = 7 fE(t)'	 (8)
In general the transform of the first term of Equation (7) will
produce a set of spectral components centered about wo and the trans-
form of the second term produces a set of components centered about -w o.
These two sets will be mirror images of each other; the total spectrum
will be the sum of the two sets. Thus at each frequency, the contribution
from the first set must be combined with the contribution from the second
set to get the total spectral density at that frequency.
In many practical problems, however, the separation and spread of
the two sets of components are such that there is no significant over-
lap between them. In such cases the positive and negative components
can be computed separately. Hc„aever, due to symmetry, it is sufficient
to calculate only the positive components. This can be done by calcu-
lating
E f (W)	 31 {e 
Jwot JcP(t )
Since the Fourier transform of the product of two time functions is
given by the convolution of the two transforms, Equation (9) may be
rewritten as





The method outlined can be expanded in general to cover more than
one modulating signal. If two modulating signals (such as two tones) are
present and are .represented by cpl(t ) and ip2(t) then the (positive half )
of the amplitude spectrum is given by
'	 _(w) 
9; {e3wot 
ejspl(t) eJCP2(t )} (12)
= 6(w -wo ) * Fl (w ) s F2 (w ) ,	 (13)
where
jcpl(t )
F1(w) _ 3 e^	 }
and
F2 (W) _ S {ej(P2(t)j	 (15)
Or, in general, for the sum of n modulating signals 
cpl(t),' 
cp2(t ),
.0009 cpn(t), the spectrum is
( 14)
9
E'(w) = 8(w -t;J0 ) * Fl(w) *F2 (w)*




	 (1?)n	 = 
and each yn(t) may be either a phase modulation (Equation (2)) or a
frequency modulation (Equation (4)).
B. Application of General Method to CCS
Although the above method will work in principle for any case of
angle modulation, there may be practical. difficulties in proceeding
straight forward. The process of convolution is time-consuming
and tedious to carry out. If the number of signal components in
the modulating signal is large, as it cften is, the direct approach
may not be feasible. In such cases some manipulation of the signal
components may be required to convert them into a forth that permits
use of the general convolution scheme. 	 i
For the CCS system, one manipulation that appeareu desirable
was that of finding some alternative method of mathematically treating
the effect of the biphase modulator. The first approach in doing
this was to view the system as a two channel system, one operating with
a phase shift of + 2 radians on the 2 kHz signal, and the other with a phase
shift of - 2 radians. The two channels were followed by a double throw switch
which alternately selects channel 1 or channel 2 in agreement with the
biphase switching rate. This switch would be located at the output
of the system being considered, hence its location would depend on
the point at which the spectrum was being calculated. Figure 4 shows
diagrams of such a model for calculating the spectrum at (1) the
output of the biphase modulator (2) the output of the FM subcarrier
oscillator, and (3) at the output of the S-band transmitter. For
each of these cases it was necessary to establish that the output
signal of the model was mathematically equivalent to the corresponding
signal in the CCS transmitter. It was possible to establish this point
for the CCS system, although the proof depended on the periodic nature
of the signals during each half of the switching cycle.
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X 2 1	 - r/2
(a) Output of biphase modulator
(c) S-band output
Figure 4. Two-channel models for deriving the spectra of the
command data baseband, FM, and PM signals.
11
Jmodel, is shown in Figure 5. Recognizing that the 2 kHz wave in one
channel is simply the negative of the 2 kHz wave in the other channel,
the model is collapsed into a single channel in which a multiplying
function, M(+,), which switches between + 1 and -1, is applied to the
2 kHz wave. This latter model was used in the spectral analyses
discussed in the fol+owing sections.
)--*I X 2 1--n— + x/2 1
	 NIX M(t) =
+ )--iii FM " PM







The baseband spectrum is composed of two parts. One of these is
the reference 1 kHz signal which is e=ed with equal amplitude to the
output signal of the biphase modulator. The 1 kHz reference signal simply
places a component in the baseband spectrum with an amplitude of Eo.
The output of the biphase modulator generates many spectral components.
In the following analysis the spectrum of the biph"a modulator output
for an alternating sub-bit pattern is obtained.
For alternating sub-bits f the output of the biphase modulator
is a sine wave which is switched 18e in phase at the sub-bit rate of
1000 bits per second. The time waveform can be depicted as the product
of two functions ( 1) a sine wave of the proper frequency and amplitude,
and (2) a square wave with an amplitude of one and a fundamental fre-
quency of 500 Hz. Graphs of these two functions and the product function
are shown in Figure 6. If w  is the frequency of the original oscillator
then the frequency of the sine wave out of the biphase modulator is 2w1.
Also the fundamental frequency of the square -wave switching function is
W1. The output of the biphase modulator can be written as
2
e2(t) = Eo M(t) sin 2w1t
	 (18)
where M (t) is the awitching function. Expanding M(t) into components
using, a Fourier Series gives
^► 	 ^	 5uu
M(t) - n Cain 2 t + 3 sin 
21 t + sin 21 t +	 .^
Substituting (19) into ( 18) gives
e2(t) n° Csin 2wlt sin u1 t + 
3 
sin 2wlt sin 21 t
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Figure 6. The two input components and resultant signal out




sin A sin B = 2[ cos (A-B) - cos(A+B)]
to each term gives
2Eo r	 3w1	 5wi
e2 (t) 	 Lcos 2 t - cos —2
w	 7w
+ 3 cos 2 t- 3 cos 2lt
W1	 9w+5 co s t-5 cos 21t
3w	 1Luu
+ 7 cos 2l t- 7c os 2l t
+ .
	 n cos `n-LI)wlt - n cos n2^^wlt
+..', n=1,3,5,7...
For the CCS system, w1 corresponds to a frequency of 1.0 kHz, hence
wl = G,00N. Inserting this value gives
2E
e2(t) = 20 [cos 3000nt - cos 5000nt
+ 3c os 100ont - 3 cos 70OOnt
+ 
5 










Collecting terms of the same frequency gives
e2(t) _ °
11
15- cos 1000nt	 cos 30o0nt
- 9 cos 5000vt - 33 cos 70001st
- 75 cos 90001st
8
2n	 cos (2n - 1) 10001st . . .^	 (23}2n - 5)(E-737
A graph of the amplitude spectrum E2(w) corresponding to e2(t)
is shown as the solid lines in Figure 7.
To obtain the complete baseband spectrum the 1 kHz r:ference
signal component must be add3d to the output spectrum of the biphase
modulator derived in the preceeding paragraphs. This component is
shown in Figure 7 as the broken line.
This spectrum represents the spectrum that would be expected
with ideal (distortionless) signals. In practice it must be remembered
that a signal with harmonic distortion of less than 0.1 per cent is rare.
As a check on the calculated values ., a laboratory version of the
biphase modulator was constructed and the components of the output spec-
trum corresponding to the calculated components were measured. The
measured values are indicated in Figure 7 by the dots. The small dif-
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FYeyuc^^Gy, i',u`
Figure 7. Computed baseband spectra of the command modulator.
Comparative measured values are indicated by dots.
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vPRE=. 1t9Gw PAGE' StAMK-.NOT: I"- D.
V. FM SPECTRtIlu!
A. Derivation of Equations
For a derivation of the FM spectrum, a function X(t) was defined
to represent the effect of the sub-bit code. A diagram of the system is
shown in Figure 8.
The original oscillator signal, represented as sin w1t, is passed
through a doubler to obtain sin 2w1t. This signal is then operated on
by a coder which impresses the sub-bit code by switching the phase by a
or 0 radians. The output of the coder, either sin 2w 3tor - sin twit
depending on the phase shift introduced by the coder, can be represented
by
el(t) = X(t) sin 2wlt	 (24)
5
where	 X(t) = F. µ(t)	 (25)
µ'=1
and	 µ = I^	 (26)
with I taking on only values of either + 1 or -1 (the particular value,
+1 or -1 for each value of p can be arbitrarily selected). The sequence
of Iµ t s represents the sub-bit code.
If the coding is fixed, X(t) can be thought of as a sum of periodic
pulse trains, each with period lOn/w l, or 5 milliseconds.
Following coding, the signal is passed through a bipnase modulator
which switches the phase by a or 0 radians depending on the digital data
stream. This action is represented by multiplying by the function M(t),
which only takes on values of +1 or -1 depending on the digital data

































































e2(t) = M(t)X(t)sin 2w1t
This signal is then added to -6ne original oscillator output
el(t) - sin wlt	 (28)
to obtain the complete signal going into the FM modulator, which is
e3(t ) = sin wlt + M(t)X(t)sin 2uult	 (29)
If the FM oscillator carrier frequency is wc, the signal out
of the oscillator is
t
eFM(t) = cos I(OC + k e3(x) dx,	 (30)
0




k e3(x) dx - f
t




The first integral in Equation (31) presents no difficulty
t
	 t












YFor the second integral
t	 t
kj e2(x) dx = k	 M(x)X(x) sin 2wlx dx	 (33)
0
The range of integration can be thought of as a succession of integrals
of length 2n/ml, plus a final integral of arbitrary length. That is,
Equation (33) can be written as
t	 2n	 4n
k e2(x) dx - kj W  e2(x) dx + f
271
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	 1 e2 (x) dx + k	 e2 (x) dx	 (34)
	2 n-1 n	 2nn
wl	 wl
Within any interval 2 -1 n < x < " _2 M(t)X(t) is constant (either
wl	 wl
+ 1 or -1) and can be removed, thus
k	 W  M(x)X(x) sin 2w x dx = f k wl	 sin 2w x dx
2 -1 a	 1	 2 -1 n	 ,'
wl	 wl










It follows that only the last integral in Equation (34) is non-zero and
that M(x)X(x) = M(t)X(t) throughout the interval of integrationp thus
t	 t
	











_ -	 sin 2wlx dx if M(t)X(t) = -1
2nx
W 
Since both .results are correctly indicated if M(t)X(t) is removed from
under the integral sign, then
t	 t






W(t)x(t) L -	 2W 1 12nit
W 
= kM2 X t C_ cos awlt + cos 4nx]
1





JInserting the results of Equations ( 32) and ( 38) into Equation
( 3Q) gives
e,,(t) - COs iWCt i W [ 1 - 008 W1t] + L-- M(t)X(t)[1 - COs 2W ltjj	 (39)1	 1
Let
k	 (40)1
91(t) = 1 - cos wlt, and	 (41)
= 1 cos 2wlt	 (42)CP2(t' 
Then Equation (39) can be rewritten as
eym(t) = Cos ^Wc t + xcp1(t) + M(t)X(t )cp2(t )}
= cos [wct + XT1(t ) J Cos [2 M(t)X(t )cP2(t )J
	
- sin [wet + acPl {t }J sin [2 M(t )X(t )cp2 (t )]	 (43)
Note that
COS 12 M(t)X(OcF^ )] COS [&2 	 M(t)X(t) f l-' 	 4)
and
sin	 M(t)x(t)cp2(t)] = sin C2 cp2(t)], M(t)X(t) _ + 1
	
- sin[ gi2(t )], M(t)X(t) _ -1	 (45)
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iTherefore the sine function can be written as
sin [2 M(t)X(t ) cp2 (t )] - M(t)X(t )sin 4 (92(t)]
for ell M(t)X(t ), t'iits Equation (43) becomes
eFM(t) = cos [wct + %cpl(t )] cos [% T2 (t )]







I	 M t^X *	 ae(t) = 2 e	 e 	 [2 cQ2 (t )] -	 i	 [2 92(t)}
+ 2 e-jwct a 
Jxcp1(t)
{cos
 [2 cQ2(t)a + M t ax t in [t c2(t)a} . (48)
Assuming that the spread of spectral lines about we and -wc is
small so that there is no significant overlap between the two sets
(and the two are symmetrical ) ,  the problem can be reduced to considering
only those components in the neighborhood of wc, i.e., consider only
the first term of Equation (48). This reduces the problem to
e ,I
(t ) e3wct 
eJlP, (t ) terms la CP2(t) ] + 3M(t)X(t)sin I ec22 (t )'
= ejwct L 








JXCPl(t )SI(w) . [e
s2(w) _ [cos ( CP2(t))
83(w) _ [sin (2 CP2(t))^
M (w ) = 7 [M(t )] , and
X(w) = F [X(t)]
	 •
Then the spectrum can be written as
EFM(w) = 9 [eFM(t)]
= 6(w - wc) * S l(w) * f82(w)  + JM(w) * X(w) * S 3(w)}	 (55)
To evaluate the individual components of the spectrum ►, consider
first the time function, S 1(t), whose transform yields Sl(w).




J), jxsin(wlt - )
= e e
	 (56)
which, by the use of Scmmnerfield's Integral 2,j 	 be expanded in a
Fourier series to give















e	 (w - ncu =	
3a J 
(^}	 b tu }	 (58)S




 - 110) + j sin(k - nA^ )a 6(w - Dwl)	 (59)
-m
Similarlys let
S2(t) = cos [-2X92(t)]
1 Jay W - 2(t)[e	 + e	 ]
•	
_ 1 r 2(l - cos 2w t) - 2(1 - cos 2mlt)]
_ 2 Le + e
	1 2 2 sin(2u)lt - )	 - 2 2 sin(2n)lt + 2)
2 [e e	









_ ^2	 j2=3u	 ^tr2
+	 e Jn(XP e	 e ]
n= -CD
l m
	 J(2 - n2)	 -J(! -)] 3^1t
= 2 S Jn(2 ) e +e	 e
-^
J	 cos) e	 ,	 61






 (W)= I Jn(2) cos (2 - n2) $(w - 2nwl )	 (62)
n= -W
Applying a similar treatment to
S
3 
(t) = sin(2 (p2 (t ))	 (63)
gives
CO
S3{cu) = Z J. (!) sin (2 - n`) b(w - ?nw1 )	 (64)
n=
To find the spectrum of the bit switching function M(t) for an
alternating sequence of 1's and 0's, note that M is the periodic square






Figure 9. Time waveform of M(t) for alternating bits.
Expanding in a Fourier series gives
^2nnt





+	 Co = T
	
(1) dt +	 (-1) dt	 0 ,	 (66)
fo	 T/2
and
1 fo T/2 -J(2Tn)t	 -i(2T )tCn =T	 a	 dt -	 e	 dt T/2	 =
1 [-jnn	 -j2rn	 -Jim








- n =	 e T	 (69)
nn
n=




Z	 1 tTiµ-1	 µ-1









The function X(t), which represents the sub-bit pattern, is
periodic with a period of five milliseconds. The period is divided
into five sub-intervals of one millisecond each. Within each sub-
interval the function has a constant value of either +1 or -1, de-
pending on the particular sub-bit associated with that interval.









µ	 µ	 µ-1 — —	 µ
and
T = 1(A	 .
W1
First, the spectrum for a single sub-bit will be obtained. Consider




(t) in a Fourier Series gives
°D 	J2YU t
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- 23cn a	 -e
Therefore the spectrum of a single sub-bit is
J^  J(1 )11_e j(25n) (µ-1) 8(w
-emu) ,	 (Sl)X4(w) - ^ 21m	 3
n	 le 
and the spectrum for all five sub -bits is obtained simply by summing
	
aver the five values of	 hence
I	 J(20µ	 J(2icn ) (µ-1)
X(w) 







Replacing the exponentials in (82) with sine and cosine functions,
X(w) can be expressed in various ways by application of trignometric





[Iµcos(2µ-l^ JIµsin(2µ-1^] nn 8(w - nw3) (83)




and Iµ = ± 1 depending on the polarity of the pth pulse in the sub-bit
pattern.
B. Summary of Results
For convenience, the main equations resulting from the preceding
derivation are summarized here. For M(t) and X(t) periodic






















8(w - nw2 )	 (71)
and	 f	 ,
`°	 5	 sin nn
X(W) _	 [I^cos(2A-11 - A sin(2A-19. ^ 8(w - nw3) (83)
n- -m jr- 1
C. Power Relationships
As an aid to monitoring the calculation, the theoretical power in
each component part of the spectnm was calculated. For a periodic





is2(t )I dt	 (84)
t	 . 0





S1	 P1 = 1
1 10W cos A
s2 	 P2' 2 +	 2
1 JO(a) cos X
S3	 P3 = 2 "	 2
I
n
M	 PM = 1
X	 P  = 1	 (85)
D. C^_vputer Program
A Computer program, written in ALGOL compiler language for the
Burroughs B 5500 computer, Was constructed to evaluate the equations
derived in Section V A and suan ►arized in Section V B. The program is
relatively straight forward and a listing of the prograra Is given in
Appendix A. A few comments about the program will. be heA"jful in under-
standing it.
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It was necessary that both phase and amplitude information be car-
ried throughout the calculations. The method selected for doing this
was to represent each spectral line coefficient as a complex number in
the form x + jy.
For storage of the various spectra, a standard two dimensional array
of dimensions x n was adopted. These arrays are visualized as 3 columns
(indexed 0, 1, and 2) and n lines (indexed 1 through n). For any given
line, the 3 columns contain the frequency, real part of the coefficient
and imaginary part of the coefficient. As an aid to certain manipula-
tive operations, a line indexed zero was added. This line contained in
the first column the number of lines reserved for the array, and in the
second column the number of lines currently filled in the array. The
third column was blank.
To facilitate the programming, a number of procedures were written.
r	 These included procedures to evaluate n., Jn(%), convolve two arrays,
sum two arrays, and a monitoring print procedure which could be called
to print out the contents of an array. The convolution and sum pro-
cedures are designed to operate specifically on arrays of the form
described above.
E. Results of Computations
Using the computer program, the output spectrum of the FM sub-
carrier generator was computed for a = 2.84 and a sub-bit pattern of
1, -1, 1, -1, 1. The value of X is that which corresponds to a 5 kHz
peak deviation of the FM carrier when modulated by the baseband com-
mand data signal. The computed spectrum is shown in Figure 11.
It is of interest that with the alternating sub-bit pattern used
for X(t) and with the alternating bit pattern used for M(t), the result-
ing biphase modulation is a square wave with a fundamental frequency of
500 Hz. The spectrum for this modulation should contain no components
at spacings less than 500 Hz, even though both the M and X function do
contain components with 200 Hz spacing. The coefficients of lines at
other than 500 Hz spacing should sum to zero, and this does occur as can
be seen in Figure 11.
As a check on the accuracy of the prediction technique, the pre-
dicted values were compared with measured values obtained from a lab-
oratory version of the circuit. To effect the laboratory set-up, a
breadboard model of the biphase modulator was constructed. This model
was then used to frequency modulate a carrier and the output spectrum
was displayed on a spectrum analyzer and photographed. Measurements
taken from the photograph were then compared with the predicted values.
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(b) Output Spectrum
Figure 12. Modulating waveform and output spectrum of the FM
subcarrier oscillator.
v
Uthe biphase modulator. This signal consists of (1) the sum of a 2 kHz
sinewave which is biphase modulated over a total phase angle of n radians
at a frequency 500 Hz, and (2) a 1 kHz sinewave. The two sinewaves were
combined with equal amplitudes and the peak amplitude of the composite
waveform was adjusted to give a peak deviation of the FM carrier of 5 kHz.
The biphase modulator actually had a small error in its switching angles
as evidenced b the small discor.inuities at the switching points shown
in Figure 12(a^.
The actual photograph of the output FM spectrum, Figure 12(b),
shows the amplitude spectrum on a linear ecale. The slight asymmetry
of the pattern is attributed to the switching errors mentioned above.
Although the appearance of the spectrum on the photograph shows good
agreement with the predicted spectrum, a better comparison was achieved
by taking readinga from the photograph and plotting t'-sm to the sent:
scale as that used to plot the predicted spectra. The measured values
were normalized to the computed values by adjusting the measured car-
rier until it equaled the predicted values. All other measured values
were scaled proportionately. These measured values along with the
predicted values are shown in Figure 13.
Some adcitional computational runs were made with the FM spectrum
program to study certain variational effects. On one of these runs
the spectrum was computed for the same value of 1 (- 2.84) but for a
sub-bit pattern of 1, 1, 1, -1, -1. Dote that since the bit pattern
alternates, this sub-bit pattern should also produce squarewave mod-
ulation. The fundamental frequency in this case is 100 Hz rather
than 500 Hz since each half cycle of the modulating square wave is
5 milliseconds long. The computed spectrum is shown in Figure 14 and
contains lines whose spacing is less than 500 Hz.
^, comparison of the two spectra sham in Figures 11 and 14 reveals
that the spectral lines at multiples of 1 kHz are unaffected by the
change in the sub-bit pattern. Those lines which occurred at odd multi-
ples of 500 Hz in Figure 11 are reduced in amplitude in Figure 14. It
appears that the energy which was formerly contained in these lines has
been dispersed into several lines whose frequencies differ by 100, 300,
540, 700, and 900 Hz from multiples of 1 kHz.
Norte in comparing Figures 11 and 14 that the overall spread of the
spectrum
 has not been significantly changed. The envelopes of the two
spectra are almost identical. This suggests that the same bandwidth
would be required to pass each of the two spectra.
Another effect studied by means of the computer program was that
of varying the peak deviation of the frequency modulated signal. The
output spectra was computed for peak deviations of 4.0, 4
.5, 5.5, and
6.o kHz (1 = 2.275, 2.5571 3.125, and 3.409) for comparison with the









































































































jalternating sub-bits, and graphs of the spectra are shown in Figure 15 -
18. All of these spectra produce lines at 500 kHz spacing. In general
they show a gradual widening of the spectrum as the peals deviation is
increased, as evidenced by more energy appearing in sidebands that are
farther removed from the carrier.
Laboratory measurements of the output were made for peak deviations
of 4.0 and 4.5 kHz. Photographs of the oscilloscope display are ehown
in Figures 19 and 20. Using the same procedure previously discussed.,
measurements were taken from these two photographs and comparative graphs
of the computed and measured spectrum were made for each of these devia-
tions. These graphs are shown An Figures 21 and 22.
The output spectra for the two wider deviations (5.5 and 6.0 kHz)
were not measured since it would have been necessary to increase the
driving voltage into the modulator to well above the specified maximum
of 5.0 volts peak-to-peak. Actually, it was necessary to exceed this
figure sll,.itly in order to get a peak deviation of 5.0 kHz. Tests showed
that a modulating signal of 5.35 volts peak-to-peak was required to give
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Y igur, 19. CA-;— —e_ctT. ,in of FM subc `rrie.r. Cerieretor
a peak +.aviation of 4.0 k'_i::
Figure 20. output spectrum of vlfl suucarrier generator
for a peak deviati)n of 4.5 kHz.
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VI. S -Y.ND SPECTRUM
A. General Approach
The output of the PM modulated subcarrier oscillator is phase
modulated onto the S-band carrier. Before being applied to the 8-bated
transmitter, however, it is summed with the range data code (a stream
of digital data) when-this code is present. Consequently the output
S-band signal is the result, of these two modulating signals. The range
data code will probably be generated only part of the time, hence the
modulating signal applied to the S-band transmitter is at times only the
output of the FM subcarrier oscillator, while at other times the mod-
ulating signal is the oscillator output plus a stream of digital data
made up of pseudo noise sequences.
Although it is possible to derive mathematical expressions for the
spectrum at the S-band output, there are practical problems involved in
calculating the spectrum due to the large number of lines involved.
General consideration of the two signals modulating the S-band trans-
mitter indicate that the command data alone will produce a spectrum with
line spacings as small as 140 Hz, while the range data alone will produce
lines at wider spacings which spread over several Megahertz. The inter-
action of these two will produce a spectrum several Megahertz wide with
lines at 104 Hz spacing. Calculating the tens of thousands of lines
in a sample spectrum (for fixed command data code and fixed range data
code) would tax the capabilities of the largest computers. Also it is
somewhat doubtful if the fine detail in the entire spectrum would really
provide any useful information.
As a method of approach in analyzing the S -band spectrum, the pro-
blem was divided into three sub-problems. First, the S-band spectrum
for the command data alone was calculated. Second, the S-band spectrum
due to the range data alone was computed. Finally, the spectrum pro-
duced when both signals modulated the S-band. transmitter was computed,
but with the input from the command data channel being limited to the
unmodulated subcarrier. By considering the subcarrier ;without modula-
tion, the close spacing of spectral lines that was caused by the ccr=nd
data modulation was eliminated. Althougi: neither of the three types of
calculations that were made produced the output spectrum in its entirety,
the results of the caL.-ulations do permit determination of the na'ure of
the S-based spectrum. Details of the analysis of each of these three sub-




B. S-Band Spectrum of the Command Data
1. Derivation of Equations
It is no+ difficult to derive an expressic.,u for the S-band
spectrum resulting fia,-vm the command data modulation and several such
derivations were made; the problem lie., +m obtaining an expression
that lends itself to computation. Some insight into the problem might
be gained by considering the nature of the spectrum in a qualitative
manner.
Assume that the subcarrier oscillator were not modulated. Its
output would simply be the 70 kHz subcarrier. Phase modulating the
S-band transmitter with this signal would produce an output spectrum
consisting of a set of spectral lines spaced at 70 kliz about the S-band
carrier. This spectrum is easy to derive since it is simply single-
tone phase modulation.
When the subcarrier sc:ilator is being frequsricy modulated, the
input signal modulating the S-band transmitter is the set of frequencies
described by the subcarrier oscillator's FM spectrum. This spectrum
consists of a group of lines centered about 70 kHz and a similar group
centered about -70 kHz,. The o s" vut S-band spectrum will consist not of
a single line at each multiple of 70 k:z, but a group of lines centered
about each of these frequencies. it can be shown that each side band
,coup is described by the (n-1) - fold convolution of tYe inpu`. TM
spectrum with itself. Such a derivation provides a mathematical express-
ion for the spectrum, but carrying out the calculations Presents a for-
midable task even on a high speed computer.
A method of describing the spectrum which does make the calculation
of the spectral components practical was developed and is described in
the following paragraphs.
If the signal out of the subcarrier oscillator is a,,(t), then
the signal out of the S-band transmitter is
el,4(t) = cos [wit + ale M(t )
i 3wst ikew(t) 1 -Jwst -3o1 (t)
= 2 e	 a	 +2e	 e	 ,
where 
s 








h(t) = e	 (87)
The portion of the spectrum of epm(t) in the positive w region is
then
%(w) = 2 8(w - ws )* g(wi a
where
H(W) = F rLh (t )]	 -
But
J^1e^(t )
h(t ) = e	 a
(J)nO1n n




f	 II	 1	 ^^(t"-Y"t-y^(tn
1(t) = xi [e 'w't a	 + e	 e
i	 2



















vAlso from equations (39), (40), (41), and (42)
f 	 = a[ffl(t) + {t) x(t) tp2(t)]	 (93)













jqw 	 jqf (t )
h(t) 1 	 C	 e	 e	 ,	 (95)nMn









C^ $(w - qwo) 9[ejgf(t)J 	 (96)
q= -W n= IqI	 2
Since
inhere f(t) is defined in Equation (93), then
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I	
F(wsgl) z Y[eJqf(t) I	 ,
'	 vhere
R












I q l 	 2
$(w - gwc ) * F(w,g)L) • (100)
Equation (100) provides a method of costing the qth sideband
group by computing the M4 spectrum for a modulation index of ql,
rather than making (q-1) convolutions of the PM spectrum eomputed for
modulation index 1L. The resulting spectrum, H(w), distributed about
:	 the carrier in the positive w region can then be combined with the S-band
carrier by means of Equation 4'88). It can be shown that IH(w)I is an
even function of w, while the argument of H (w) is an odd function of w.
Thus the amplitude spectrum will be symmetrical about the S-bad carrier,
'	 although matching components on opposite sides of the carrier will be
out of phase.
2. Computer Program
A computer program was constructed for computin the S-band
spectrum with only the sub -carrier oscillator output, eift(t1, as input
to the phase modulator; the range data code was not included. The pro-
gram is given in Appendix B and is largely adapted from the FBI program
since the major part of the computation required is the evaluation of
the iii spectrum. F(w,gW), in Equation ( 100). Following the computation
of F(w,U), the quantity H(w) is calculated and then % formed by
Equation (88).
For this program, the separate spectra M(w) and X(w) for the bit
switching rate and sub-bit switching rate were vombined into a single
spectrum (identified in the program as M). This spectrum was computed
for alternating sub-bits hear:: the spectral lines have a minimum spacing
of 500 Hz. This change was made to reduce the number of spectral cam
i	 ponents involved in the calculation, since the number of lines in the
S-band spectrum is large even for alternating sub-bits. Also the investi-
gation made in the ISM spectrum studies showed that the overall envelope
was not affected by variation of the sub-bit pattern.
a
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The program computes the components of one sideband group at a time.
That is, those spectral components in the neighborhood of (Wa + Wc ) are
computed first (after computing the magnitude of the S-band carrier) and
printed out. Neat the components about(Wa + 24, a ) are computed and printed
out, etc. Fortunately the lines within each sideband group drop off fast
enough so that over-lap between the groups did not have to be considered.
3. Results of Comp• - ' "
The program described in the preceding section was run to obtain
the S-band spectrum (range data code not considered) for alternating sub-
bits. The resulting spectrum contains so many components at 500 Rz spac-
ing and is spread c-rer such a wide range that it was not feasible to pre-
sent it on one graph. The spectrum can reasonably be presented in a
series of graphs, however.
Figure 23 shows a curve which passes through the highest line in each
subgroup. Thus this curve is an envelope of the entire spectrum. To
examine what the groups themselves look like, the first five sideband
groups are shown in Figures 24 through 28. In all six of the figures,
the amplitude of the components are shown in dB relative to the carrier
level with the modulation applied.
As a check on the talc lations, laboratory measurements of the S-band
spectrum were made. Using the laboratory biphase modulator, the input
signal to the subcarrier oscillator was developed and used to frequency
modulate a 70 kHz oscillator, with the modulation adjusted to give a peak
deviation of 5 kHz. The output of this oscillator was used to phase mod-
ulate the S-band signal generator contained in the Interstate equipment.
The modulation was adjusted to give a peak deviation of 1.22 radians.
The time waveform of the signal into the subcarrier oscillator is
shown in Figure 29, and the output S-band spectrum is shown in Figure 30
with a horizontal scale of 100 kHz/cm. and a vertical scale of 10 dB/cm.
Peak values of the first four sidebands were read from this photograph
and plotted on Figure 23. The first three sideband levels show good agree-
ment with the theoretical values. The fourth level differs somewhat, and
this difference is probably due to limitations in the laboratory equip-
ment. Note in Figure 30 that the fourth sideband group is so near the
noise level that determination of its level is probably subject to appreci-
able error.
To examine the detailed nature of the sideband, the horizontal sweep
was expanded to 10 kHz/cm. and each of the first three sideband groups
were photographed separately. The three sidebands below the carrier are
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Figure 29. iiaseband signal used to frequency modulate the
command data subcarrier oscillator.
Vertical:	 10 dB/an
Horizontal: 100 kHz/cm
Figure 30. S . -band spectrum for command data Modulation of






Figure 31. First three sideband groups below the S-band carrier for
command data modulation of the up-link signal generator.
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'	 C. S-Band Srectrum of the Rage Data
1. Derivation of Equations
If the subcarrier oscillator output were removed and only the
range data code modulated the S-band transmitter, the signal
 out of the
transmitter would be
el,M(t) = cos[wst + 02e
RD
(t )]





In the neighborhood of w = ws , the spectrum of a ,(t)* would be
EpM(w) 
= 2 d(w - ws) * Y[e
3R2^(t)
]	 (102)
Since the modulation index for the range data signal is less than
one (02 = 0.6), the Fourier trap fora in (102) can be evaluated by








Let D(w) be the baseband spectrum of the range data code. Then






Figure 32. First three sideband groups above the S-band carrier for




and  the output spectrum at S-band can be written as
a-
(105)
EPM(w) = 6(w - ws) * C1 + J02 D(w)
j3 
T.-
2t2 D(w)*D(w) + - 2 D(w)*D(w)*D(w) +
	
.]
Due to the influence of both the factorial and the pourers of 02,
the terms in (105) should decrease rapidly. Therefore, this equation
provides a tractable method of evaluating the spectrum provided D(w)
is known.
Determining the baseband spectrum, D{w), presents no difficulty.
The range data code is a pseudo-noise stream of binary ones and zeros
and appears at baseband as a stream of pulses at a fundamental frequency
of 498 kHz. The resulting wavefo= of binary pulses is similar to the
wave form for the sub-bit pattern, X(t), given by equation (83). These
two differ only in that X(t) was derived specifically for five arbitrary
pulses, whereas, the range data code can have varying numbers of pulses.
The same method of deriving the spectrum can be applied, however, and
produces
N	 since
D(w) _	 I cos(2µ-1) r - Iµ
 sin(2^k-1)	 n d{w - nom) .(106)
n=	 Vl
where N is the number of pulses in the range data code and I µ = ± 1
depending on the polarity of the µth pulse in the code.
2. Computer Program
A computer program was constructed for calculating the output
spectrum when only the range data signal was modulating the S-band trans-
mitter. The program calculates the baseband spectrum of the range data
by means of Equation (106); the S-band spectrum is then obtained by sum-
ming the series given in Equation (105). A copy of the program is given
in Appendix C.





can be varied. The particular code is specified by loading a sequence
of 1 or -1's in array IMU (see Appendix C), where 1 in the arrays corre-
sponds to binary 1 in the code, and -1 in the array corresponds to binary
4 in the code. The length of the code is given by the third parameter,
N. in the call on procedure RANGEDATA which evaluates D(u). The first
two parameters in the procedure call specifies the lower and upper fre-
quency limits (in kHz) at which D(w) is to be truncated.
Although the value of N may be arbitrarily selected, provision was
made in the present program for storage of only 1400 lines in the base-
band spectrum. In order to limit the calculation to les: than 1000 lines
and still give a reasonable representation of the spectrum, the maximum
value of N for which computation is practical with this grogram is in the
vicinity of N= 100.
The program was constructed so that as each term in the series given
by Equation (105) was computed, the sum through that term could be printed
out. Terms up to fourth order were computed; examination of the outputs
indicated that the sum through the fourth order term did not differ sign-
ificantly from the sum through the third order term. Consequently, the
summation through fourth order as produced by the program should be a
good representation of the spectrum.
. Results of Computations
Using the program described above, the output spectrum when
the range data alone was modulating the S-band transmitter was computed
for various range data codes. For the first of these calculations, alter-
nating bit patterns were used for the range code rather thin pseudo-
noise sequences. Several such codes of different length were used, and
in each case the number of bits was odd so that the modulating wave form
was not strictly a square wave. The pattern used for a seven bit code,
for exainple, is shown in Figure 33•
Figure 33. Time waveform of range data code for seven
alternating bits.
66
The computed spectrum for a 13 bit alternating code and a modulation
index (02) of 0.6 is shown in Figure 34. To check the validity of.the
calculations, a pulse generator to simulate the range code patterns van
constructed and used to modulate an S-band transmitter so that measured
spectra could be obtained for comparison. Using the acme 13 bit alter-
nating code and a modulation index of 0.5, the spectrum shown in Figure
35 was obtained.
As a further check on the analysis, both the ccmputationc and
measurements were repeated with the modulation index redueed to 0.3.
The computed spectrum is shown in Figure 36 and the measured spectrum in
Figure 37.
Similar spectra Were computed and measured for alternating bit codes
of other lengths. Figure 38 shave the spectrum for a 7 bit code, and
Figure 39 €haws the spectrum for a 29 bit code. In both awes the modu-
lation index vas 0.6. Note that the envelope of the side bands is similar
for all of the alternating bit codes.
The output spectrum was also computed for several pseudo-noise
sequences of range data bits. The computed spectra for pseudo-noise codes
of length 3 9 7, 15, and 31 bits are shown in Figures 40 - 43. Note that
the spectral envelope of the sidebands is similar for each of these spec-
tra. It can be shown theoretically that the envelope of the sidebands
will be similar for azr pseudo-noise sequenee3.
D. Total S-Bud Spectrum
1. Derivation of ftuations
When both the cammmand data and the range data are used to
modulate the S-band transmitter, the output signal has the form
.
r
%(t) • cos [rust + pl GW(t) + 02e2D(t) ]
sjWM ejolaw(t) ej%!RD(t)
l - jW^ mai (t) -JO2eRD(t)



























































	 t	 LLnn LO
	
1	 t	 1	 1	 1	 t
Sp
68
(a) Horizontal:	 300 kHz/cm
	
Vertical:	 10 dB/cn
(b) Horizontal:	 1 MHz/cm
	
Vertical:	 10 dB/cm
Figure 35. Measured S-band spectrum for a modulating signal consisting
of 13 alternating bits applied to the range code input of








































(al Horizontal: 300 kHz/cm
Vertical:	 10 dB/cm
1t
(b) Horizontal:	 1 MHz/cm
Vertical: 10 dB/cm
Figure 37. Measured S-11nd spectram for a modulating signal consisting
of 13 alter ating bits applied to the range code input of
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Figure 38. Computed and measured S-band spectra for a modulating signal
consisting of 7 alternating bits applied to the range code 	 - 
1



















Figure 39. Computed and measured S-band 5pc:tra for a modulating signal
consisting of 29 alternating bits applied to the range code
input of the phase modulator ;







Frequency, Mtz Relative to S-band Carrier
Figure 40. Computed S-band spectrum for a modulating signal, consisting
of a 3 bit pseudo noise code applied to the range code input








-C.0	 -I.4	 0	 1.0
	 2.0
Frequency, Mz Relative to S-band Carrier
Figure 41. Computed S-band spectrum for a modulating signal consisting
of a 7 bit pseudo noise code applied to the range code input











Frequency, MHz Relative to S-band Carrier
Figure 42. Computed S-band spectrum or a modulating signal consisting
of a 15 bit pseudo noise code applied to the range code










-z.0	 -1.0	 0	 1.0
	
2.0
Frequency, MHz Relative to S-band Carrier
Figure 43. Computed S-band spectrum for a modulating signal consisting
n ,	 of a 31 bit pseudo noise code applied to the range code
input of the phase modulator, B 2 = o.6.
2.0
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In the neighborhood of w = w s , the spectrum of e,,M (t) is
jp a 
	 1$ e (t)	 (103)^E^(w) = 2 b (w - ws ) # ^[e 1 FM(t) ^ # 3;[e2 RD )
Now 3;[e	 ] = H(w) and is given in Equation (100); and
j02 e^(t )
3;[e] can be approximated by the series given in Equation (105).
While it is theoretically possible to compute the entire S-band spectrum
by means of these equations, there is a practical difficulty in doing so.
The narrow spacing of the lines in the cord data spectrum would produce
thousands of lines per Megahertz in the output spectrum. In addition, due
to the wide spread of the range data spectrum, the output S-band spectrum
will be many MHz wide. Thus the total spectrum will contain an enormous
number of lines.
An alternative procedure was used to calculate an S-band spectrum
which, though not complete, permits the form of the entire spectrum to
be deducad. This procedure was merely to remove the command data modu-
lation from the subcarrier oscillator and to use only the unmodulated
subcarrier oscillator itself as the signal fro ain the command channel.
With this change, the narrow line spacing is avoided and the number of
lines in the spectrum is small enough so that its computation is feasible.
This procedure produces a spectrum whose envelope should be similar to that
of the actual spectrum. Furthermore, the actual spectrum will differ only
in that it would have FM sidebands (similar to those in Figure 24) about
each line.
To calculate the reduced spectrum, it is necessary only to replace
evM(t) with cos wct, where 
we 




jol sin (wct + 2)
= e
jnw t jn.,









Jn(^l) e 2 b (w - nwc)
n= -m
	




Constructing the computer program for this calculation was
relatively simple, since it is almost identical to the program that was
used to compute the spectrum when only the range data were present. It
was only necessary to add the calculation of S 1(w) as given in Equation
110, and then to call up the convolution procedure to convolve S 1(w) with
the range data spectrum. The complete program is listed in Appendix D.
3. Results of Computations
The output spectrum of the S-band transmitter when modulated
with both the subcarrier and the range data was computed for several
different pseudo-noise codes. For verification of the calculations,
measured spectra were obtained in the laboratory from the S-band trans-
mitter when similar modulations were applied. Ewen with the modulation
removed from the subcarrier, the output spectrum contained so matey lines
that detailed comparison of measured and computed values could easily
be rude only for very short range data codes.
For the first trial, the three bit code +1, -1, +l.was used. The
measured spectrum is shown in Figure 44 and the computed spectrum is
shown in Figure 45. A comparison of the measured and computed values
for a number of lines in the center of the spectrum is shown in Figure
46. The measured values were read from the photograph in Figure 44(a)
and were normalized by making the carrier levels equal.
Similar calculations have been made for PN codes of 7, 15, and 31
bits. Due to the large number of lines that appear in these spectra,
presentation in graphical form did not appear_ practical. A copy of the












(b) Horizontal:	 1 MHz/cm
Vertical: 10 dB/cm
Figure 44. Measured S-band spectra for a modulating signal consisting
of a 3 bit pseudo noise code and unmodulated 70 kHz command
data subcarrier applied to the input of the phase modulator,
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Frequency, kHz relative to S-band carrier
Figure 46. Comparison of the computed and measured spectral components
of the S-band spectrum for a modulating signal consisting of
a 3 bit pseudo noise code and the unmodulated 70 kHz command
data subcarrier applied to the input of the phase modulator,
E 1 = 1.22, S 2 = u.6.
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VII. CONCLUSIONS
Methods have been developed for the calculation of the frequency
spectra of (1) the baseband command data signal (2) the baseband
range code signal (3) the frequency modulated output of the command
subcarrier generator, and (4) the output of the S-band up link
signal generator. The S-band spectrum was obtained for modulating
signals applied to the S-band phase modulator which consisted of
(1) the modulated command data subcarrier (2) the range code signal,
and (3) both the range code and the unmodulated command data sub-
carrier. Good agreement has been obtained between the calculated
and measured values. The computer programs developed to implement
the calculation from the mathematical derivations can be used to
study the effect of variation in system parameters, such as modulation
indices, on the spectra obtained for the various systems.
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A. Computer program listing and sample calculation for the
FM spectrum of the subcarrier oscillator.
Listing of the ALGOL program for computing the output spectrum
of the frequency modulated subcarrier oscillator, followed by a
sample of the output. This sample was calculated for a peak fre-
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B. Computer pro6:ram listing and sample calculation for the




	 Listing of the ALGOL program for computing the spectrum out
of the S-band transmitter when only the command data is modulating
the transmitter. The listing is followed by a sample of the output
•	 which lists the carrier and the first two sideband groups. The
calculations were run for alternating sub-bits, a peak frequency
deviation of the subcarrier oscillator of 5 kHz, and a peak phase
deviation of the S-band transmitter of 1.22 radians.
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vC. Computer program listing for obtaining the S-band spectrum
when the range code modulates the transmitter.
Listing of the ALGOL program for computing the spectrum out of
the S-band transmitter when only the range data is modulating the
transmitter. The form of the output (not shown) is identical to
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JD. Computer program listing and sample calculation for the
S-band spectrum when the transmitter is modulated by the
command data subcarrier and range code simultaneously.
L3 ating of the ALC;`' progrs=u for computing the spectrum out
of the S-band transmitter when both the range data aril the u=odu-
fated 70 kHz subcarrier are present. The attached sample output
was run for a 15 bit PN range data code, the comm-nd data modulation
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